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Abstract.
The role of fluctuations is enhanced in lower dimensionality systems: in a two dimensions off-
diagonal long-range order is destroyed by the fluctuations at any finite temperature, drastically
modifying the critical properties with respect to the three-dimensional counterpart. Recently
two-dimensional systems of interacting fermions have been the subject of Montecarlo studies
and experimental investigations, in particular an ultracold gas of attractive fermions with a
widely tunable interaction due to a Feshbach resonance has been realized and the Berezinskii-
Kosterlitz-Thouless transition has been observed.
The present work deals with the theoretical description of an ultracold Fermi gas: we discuss
the role of Gaussian fluctuations of the order parameter in the equation of state, in particular
we take into account the first sound velocity, showing that the inclusion of order parameter
fluctuations is needed in order to get the correct composite-boson limit in the strong-coupling
regime. The theory is also compared with experimental data. Finally we focus on the superfluid
density in the weak-coupling, intermediate and strong-coupling regimes at finite temperature,
through which the Berezinskii-Kosterlitz-Thouless critical temperature is obtained.
1. Introduction
The recent experimental realization of an attractive quasi-two-dimensional ultracold Fermi gas
with widely tunable interactions [1, 2, 3, 4], the experimental observation of the critical properties
[5], along with many Montecarlo investigations [6, 7] renovated the interested in the two-
dimensional BCS-BEC crossover and motivate further theoretical pursuits in this field.
In three dimensions a mean-field theory of the BCS-BEC crossover at T = 0 can provide
good qualitative agreement with experiments; however in lower dimensional systems the role of
fluctuations is more important [8] and one expects that a mean-field theory may not provide a
reasonable agreement with experimental data. It has been indeed reported that in two dimensions
at T = 0 an ultracold Fermi gas is correctly described by the mean-field theory only in the weak-
coupling limit, the correct composite boson equation of state of the strong coupling limit being
correctly recovered only when the order parameter fluctuations are taken into account [9].
In the present work, using a path integral approach [10] we derive the one-loop equation
of state [11], which we use to calculate the first sound speed and the superfluid density at
finite temperature. The first sound speed is compared with experimental data, showing that the
Gaussian fluctuations of the order parameter are fundamental even in the zero-temperature limit.
The superfluid density as a function of the crossover allows one to determine the Berezinskii-
Kosterlitz-Thouless critical temperature [12, 13] through the Kosterlitz-Nelson condition [14].
2. Mean-field results
Let us consider a two-dimensional system of fermions, interacting through an attractive s-wave
contact potential, contained in a volume V = L2, described within the grand canonical ensemble
at fixed chemical potential µ and temperature T . Within the path integral formalism the partition
function for the system can be written as [10]
Z =
∫
DψσDψ¯σe
− 1
~
∫
~β
0
dτ
∫
L2
d2rL (1)
where ψ, ψ¯ are complex Grassmann fields, β = 1/kBT , kB is Boltzmann constant and the
(Euclidean) Lagrangian density reads:
L = ψ¯σ
[
~∂τ −
~
2
2m
∇2 − µ
]
ψσ + g ψ¯↑ ψ¯↓ ψ↓ ψ↑ . (2)
The quartic interaction cannot be treated exactly; the Hubbard-Stratonovich [15, 16]
transformation introduces an additional auxiliary pairing field, corresponding to a Cooper pair,
decoupling the quartic interaction. The transformation essentially boils down to the following
identity
e−
1
~
∫
~β
0
dτ
∫
L2
d2rg ψ¯↑ ψ¯↓ ψ↓ ψ↑ ∝
∫
D∆D∆¯ exp−
1
~
Shs[ψ,ψ¯,∆,∆¯] (3)
where
Shs[ψ, ψ¯,∆, ∆¯] = −
∫
~β
0
dτ
∫
L2
d2r
(
|∆|2
g
+ ∆¯ψ↓ψ↑ +∆ψ¯↑ψ¯↓
)
, (4)
which can be straightforwardly verified by completing the square and performing the Gaussian
integration. The partition function now reads:
Z =
∫
DψσDψ¯σD∆D∆¯e
− 1
~
∫
~β
0
dτ
∫
L2
d2rL (5)
with the following Lagrangian density
L = ψ¯σ
[
~∂τ −
~
2
2m
∇2 − µ
]
ψσ + ∆¯ψ↓ ψ↑ +∆ψ¯↑ ψ¯↓ −
|∆|2
g
. (6)
The integration over ψ, ψ¯ can be carried out exactly [10], obtaining:
Z =
∫
D∆D∆¯e−
1
~
∫
~β
0
dτ
∫
L2
d2r(− ln(−G−1)−|∆|2/g) (7)
and the physics of the system is encoded in the inverse Green’s function, which in coordinate-
space representation reads:
− G−1 =
(
~∂τ −
~2
2m∇
2 − µ ∆(x, τ)
∆¯(x, τ) ~∂τ +
~
2
2m∇
2 + µ
)
. (8)
The full inverse Green function can be decomposed in a mean-field component −G−10 , where the
pairing field ∆ is replaced by its uniform and constant saddle point value, plus a fluctuation part
F:
− G−1 = −G−10 + F =
(
~∂τ −
~
2
2m∇
2 − µ ∆0
∆0 ~∂τ +
~
2
2m∇
2 + µ
)
+
(
0 η(x, τ)
η¯(x, τ) 0
)
(9)
and clearly ∆(x, τ) = ∆0+η(x, τ). We now analyze the mean-field approximation, which simply
consists in neglecting the fluctuation field η and, consequently, F. The single-particle excitation
spectrum is found solving for the poles of the Nambu-Gor’kov Green’s function G0 in momentum
space [17]:
Ek =
√
(k2/2m− µ)2 +∆20 . (10)
Using the bound state equation to relate the interaction strength g to the bound state1 energy
ǫB
−
1
g
=
1
2L2
∑
k
1
ǫk +
1
2ǫB
(11)
at T = 0 the integrations defining Z can be carried out analytically in two dimensions, finally
the thermodynamic grand potential reads:
Ωmf (µ,∆0) = −
1
β
lnZ = −
mL2
4π~2
[
µ2 + µ
√
µ2 +∆20 +
1
2
∆20 −∆
2
0 ln
(−µ+√µ2 +∆20
ǫB
)]
. (12)
From the grand potential we impose the saddle-point condition for ∆0, i.e. (∂Ωmf/∂∆0)µ,V = 0,
obtaining the gap equation:
∆0 =
√
2ǫb(µ +
1
2
ǫB) , (13)
inserting the result from Eq. (13) into Eq. (12) one gets the mean-field equation of state [18]:
Ωmf (µ) = −
mL2
2π~2
(µ+
1
2
ǫB)
2 . (14)
The number of particles is obtained from the thermodynamic relation N = −∂Ω/∂µ and reads:
N =
mL2
π~2
(µ+
1
2
ǫB) . (15)
3. Pairing fluctuations and equation of state
In the previous Section we simply discarded the fluctuation part of the inverse Green’s function,
here we rewrite the logarithm appearing in Eq. (7) as
ln
(
−G−1
)
= ln
(
−G−10
(
1− G−10 F
))
= ln
(
−G−10
)
+ ln
(
1− G−10 F
)
(16)
and the Gaussian (one-loop) approximation consists in the following expansion for the second
term in the r.h.s. of Eq. (16)
ln
(
1− G−10 F
)
=
∞∑
m=1
(
G−10 F
)m
m
≈ −G−10 F−
1
2
G−10 FG
−1
0 F . (17)
1 A bound state is present in two-dimension for every value of the attractive interaction.
The pairing field has been written as ∆(x, τ) = ∆0+η(x, τ) where ∆0 the saddle point value, so
the fluctuation fields η, η¯ are small, justifying the present expansion in powers of F. Re-arranging
the terms and rewriting the action in momentum space [10] one gets
Z =
∫
DηDη¯e−
1
~
Sg[η,η¯] (18)
with the following action
Sg[η, η¯] =
1
2
∑
q,m
(η¯(q, iΩm), η(−q,−iΩm)) M(q, iΩm)
(
η(q, iΩm)
η¯(−q,−iΩm)
)
, (19)
having introduced the Fourier transform of the fluctuation field η, along with the bosonic
Matsubara frequencies Ωm = (2m+ 1) π/β; the matrix elements of the inverse pair fluctuation
propagator M, along with a complete derivation can be found in Ref. [10]. The poles of the
propagator determine the collective mode spectrum, which in the strong-coupling regime can be
parametrized as
~ωq =
√
ǫq (λǫq + 2mc2s) , (20)
where λ and cs are a function of the crossover. In order to write the one-loop contribution to the
equation of state [19, 11] one needs to introduce a regularization procedure [19, 11], as follows:
Ωg(µ) =
1
2β
∑
q,m
ln
[
M11(q, iΩm)
M22(q, iΩm)
det(M(q, iΩm))
]
eiΩm0
+
. (21)
In Fig. 1 we plot the mean-field value of the chemical potential and of the pairing gap as a
function of the crossover, calculated using the mean-field equation of state in Eq. (14) and the
full one-loop equation of state given by the sum of Eq. (14) and Eq. (21).
Figure 1. The chemical potential µ (red lines) and the pairing gap ∆0 (black lines), as calculated
from the mean-field equation of state (dashed lines) and from the one-loop equation of state (solid
lines), as a function of the scaled binding energy ǫB/ǫF .
4. First sound
Within this framework the first sound speed at T = 0 can be calculated using the elegant
thermodynamic relation [20] due to Landau
c2s =
n
m
∂µ
∂n
. (22)
Using the mean-field equation of state in Eq. (14) one finds the result
c2s =
v2f
2
, (23)
where vF is the Fermi velocity, this result being plotted in dashed blue in Fig. 2. On the other
hand, introducing the one-loop equation of state in Eq. (21) one finds that the mean-field result
is accurate only in the deep-BCS regime: when the coupling is increased the sound speed greatly
deviates from its mean-field value tending to the composite boson limit [9]
c2s =
4π~2
m2B
nB
ln
(
1
nBa
2
B
) (24)
shown in dashed red in Fig. 2, mB = 2m being the mass of each composite boson, nB = n/2
being the bosonic density and aB = 0.551as being the boson-boson scattering length [9]. Our
theoretical findings are also compared with preliminary experimental data [21], showing good
agreement, see Fig 2. The results can be readily extended to finite temperature [22] using
the thermodynamic approach in [23], however the temperature dependance is very weak across
the whole crossover between T = 0 and the Berezinskii-Kosterlitz-Thouless critical temperature
TBKT [22].
We stress that the present result in Fig. 2 clearly shows that the inclusion of Gaussian
fluctuations in the equation of state is of fundamental importance in the two-dimensional BCS-
BEC crossover, the mean-field equation of state being accurate only in the deep-BEC regime.
Figure 2. The first sound speed at T = 0
from the one-loop equation of state (solid black
line), compared with the theoretical prediction
using the mean-field equation of state (blue
dashed line) and the composite boson limit
valid for ǫB ≫ ǫF (red dashed line). The
data points are preliminary experimental data
reported in [21], blue dots for data measured
from the speed of density waves and red
squares for data measured from the equation
of state.
Figure 3. Superfluid density for three differ-
ent values of the scaled binding energy, from
the weakly-coupled regime to the strong in-
teracting one. The black dashed line marks
the Nelson-Kosterlitz condition, setting the
Berezinskii-Kosterlitz-Thouless critical tem-
perature TBKT ; a more detailed analysis of
TBKT across the whole crossover is reported
in [22].
5. Superfluid density
The fermionic and bosonic contributions to the normal density are calculated using Landau’s
quasiparticle excitation formulas [24]
nn,f = β
∫
d2k
(2π)2
k2
eβEk
(eβEk + 1)2
(25)
and
nn,b =
β
2
∫
d2q
(2π)2
q2
eβωq
(eβωq − 1)2
. (26)
The superfluid density is then ns = n−nn,f−nn,b, having neglected the hybridization between the
single-particle and collective excitations which gets relevant at higher temperature scales [25, 22].
As mentioned in the Introduction the role of the fluctuations is enhanced in lower dimensionalities
[8], in particular in one- and two-dimensional systems there cannot the spontaneous breaking of
a continuos symmetry at finite temperature [26, 27]; as a consequence off-diagonal long-range
order is achieved strictly only at T = 0. Nonetheless in a two-dimensional systems a finite-
temperature transition is to be observed, between the normal state and a state characterized by
algebraic off-diagonal long-range order [12, 13]. Figure 3 shows three superfluid density profiles
for log(ǫB/ǫF ) = 10, log(ǫB/ǫF ) = 0 and log(ǫB/ǫF ) = −10, respectively in the deep-BEC,
intermediate and deep-BCS regimes, along with the line corresponding to the Nelson-Kosterlitz
condition [14]
kBTBKT =
~
2π
8m
ns(TBKT ) (27)
determining the critical temperature TBKT .
With respect to the mean-field result [28] a full Gaussian-level equation of state here predicts
a lower critical temperature in the deep-BEC regime. This treatment can be extended to the
whole crossover, a full comparison with the recent experimental observation of TBKT [5] in a
quasi-two-dimensional ultracold Fermi gas is reported in Ref. [22].
6. Conclusions
The BCS-BEC crossover in a two-dimensional Fermi gas is the subject of great interest, both
from an experimental and theoretical point of view. In this work, using a one-loop equation
of state, we have calculated the first sound speed and the superfluid density, showing that the
Gaussian fluctuations are needed in order to recover the correct composite boson limit even in
the zero-temperature case. We also discussed the superfluid density at finite temperature, using
this result to calculate the Berezinskii-Kosterlitz-Thouless critical temperature [22].
The treatment in this work can easily extended to account for the description of many
properties of two-dimensional ultracold Fermi gases, e.g. the second sound, the Berezinskii-
Kosterlitz-Thouless critical temperature across the whole crossover, the condensate fraction
[29, 22]. Moreover the energy density, the pressure and the contact have been calculated [11]
within an approach equivalent to the present one and show good agreement with Montecarlo
data.
A description of a trapped non-uniform system, as well as a full calculation of the superfluid
density beyond the approximation in Eqs. (26) and (25) is the subject of ongoing work.
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